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In this paper, we study the problem of characterizing the bounded
linear operators on a Hilbert space that admit a factorization as a
product of twoHermitian operators. It is shown that a normal oper-
ator can be decomposed as a product of two Hermitian operators
if and only if it is similar to its adjoint. Some partial results about
hyponormal operators are obtained.
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1. Introduction
LetH be a Hilbert space with inner product 〈·, ·〉. For an operator T onH, T∗ denotes the adjoint
operator of T . Radjavi and Williams had shown that if an invertible normal operator T is similar to its
adjoint T∗ then T can be decomposed as a product of two Hermitian operators (see [2, Corollary 1]).
It is easy to check that if an invertible operator T can be decomposed as a product of two Hermitian
operators then it is similar to its adjoint. Radjavi and Williams had given a reasonable good charac-
terization of the similarity about linear operators and their adjoint operators in the case whereH is
of ﬁnite dimension (see [2, Theorem 1]). Unfortunately, these are not necessarily true in the inﬁnite-
dimensional case (cf. [1,2]). In this paper, we shall investigate the relations between the following two
statements:
1. T is similar to its adjoint T∗.
2. T can be decomposed as a product of two Hermitian operators.
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In the next section, we will show that these two statements are equivalent when T is a normal
operator. The notation and terminology used in this paper is summarized below. For any (nonempty)
subspaceV ofH, we denote by T |V the restriction of T toV, byW(T) = {〈Th,h〉|‖h‖ = 1} the numer-
ical range of T and byW(T) the closure ofW(T). An operator T is said to be positive (denoted by T  0)
if 〈Tx, x〉 0, for every vector x inH.
2. Main results
If T canbedecomposed into aproduct of twoHermitianoperators, sayT = AB, andAorB is invertible
then it is easy to see that T is similar to its adjoint T∗. Moreover, the condition “A or B is invertible” can
be removed if T is normal. This will be shown in Theorem 2.3.
We begin with a simple observation. If T is a compact normal operator on a separable Hilbert
spaceH and suppose that T is similar to its adjoint, then T can be decomposed into a product of two
Hermitian operators. Detailed account of this case is given below.
Since T is a compact normal operatorH, it has only a countable number of distinct eigenvalues, say
{λn}n∈N, such that either {λn}n∈N is ﬁnite or limn→∞ λn = 0. If T is similar to its adjoint T∗, then T and
T∗ have the same eigenvalues. It means that the spectrum of T is closed under the conjugate operation
and T is unitarily equivalent to a diagonal operator. For the sake of convenience, we can write
T = diag(αk) ⊕
⎛
⎝⊕
n∈N
[
βn 0
0 β¯n
]⎞⎠ ,
where {αk}k∈N ∪ {β1, β¯1,β2, β¯2, . . .} = {λn}n∈N and αk ’s are real. It is easy to decompose T into the fol-
lowing products:
[
diag(αk) ⊕
(⊕[0 1
1 0
])]⎡⎣I ⊕
⎛
⎝⊕
n∈N
[
0 β¯n
βn 0
]⎞⎠
⎤
⎦ (2.1)
and [
I ⊕
(⊕[0 1
1 0
])]⎡⎣diag(αk) ⊕
⎛
⎝⊕
n∈N
[
0 β¯n
βn 0
]⎞⎠
⎤
⎦ . (2.2)
These two decompositions above are both products of two Hermitian operators. Moreover, the factors
of (2.1) are not necessarily invertible and the ﬁrst factor of (2.2) is invertible. This result is a special
case of Theorem 2.3 which is the main result of this section, and it is an illustration of the point we
mentioned above that the invertibility is not necessarily needed.
This paper is intended as an investigation of the relations between statement 1 and statement 2
which were mentioned in Section 1. In [2], Radjavi and Williams had shown that statement 1 is the
sufﬁcient condition of statement 2 for invertible normal operators. We will use this fact and another
result to prove the main theorem of this section, and write them down as the following lemmas.
Lemma 2.1 (see [2, Corollary 1]). If an invertible normal operator is similar to its adjoint, then it can be
decomposed into a product of two Hermitian operators.
Lemma 2.2. Let T be a normal operator on a Hilbert spaceH. If T can be decomposed as a product of two
Hermitian operators, say AB. Then
(a) kerB reduces T , and
(b) T |(kerB)⊥ and T∗|(kerB)⊥ are unitarily equivalent.
Proof. (a) Since A and B are self-adjoint and T = AB, BT = BAB = T∗B. This implies that kerB is an
invariant subspace of T . Moreover, by the Fuglede–Putnam Theoremwe have BT∗ = TB and hence kerB
is also invariant nuder T∗. Thus, kerB reduces T .
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(b) Let B = UP be the polar decomposition of B, where U is unitary and P is the square root of
B∗B (=BB). From the proof of (a), we have
P2T = BBT = BT∗B = TBB = TP2
and hence PT = TP. Therefore
T∗UP = T∗B = BT = UPT = UTP.
Thismeans thatT∗U coincideswithUT on ranP. SincekerP = kerB, ranP = (kerB)⊥ andthenT∗U|(kerB)⊥ =
UT |(kerB)⊥ . Because kerB reduces T and U|(kerB)⊥ is also unitary, T |(kerB)⊥ and T∗|(kerB)⊥ are unitarily
equivalent. 
We are now able to prove the following theorem by using these two lemmas above.
Theorem 2.3. If T is a normal operator on a Hilbert spaceH, then T is similar to its adjoint T∗ if and only
if T can be decomposed as a product of two Hermitian operators.
Proof. Suppose thatT is similar to its adjointT∗. Let c ∈ R+ such that‖T‖ < c, thenT + cI is an invertible
normal operator and is similar to T∗ + cI. By Lemma 2.1, we have T + cI = AB, where A and B are
invertible Hermitian operators. It is ease to see that
T = AB − cI = A(B − cA−1),
where B − cA−1 is still aHermitian operator. Hence T can be decomposed as a product of twoHermitian
operators.
For the converse, suppose that T = AB for some Hermitian operators A and B. Clearly, kerB is con-
tained in kerT . Lemma 2.2 (a) implies that
T = T |kerB ⊕ T |(kerB)⊥ = O ⊕ T |(kerB)⊥ ,
where O is a zero operator. Since T |(kerB)⊥ is normal and
T∗|(kerB)⊥ = (T |(kerB)⊥ )∗,
T |(kerB)⊥ is similar to (T |(kerB)⊥ )∗ by Lemma 2.2(b). If P˜ is an invertible operator on (kerB)⊥ such that
P˜−1(T |(kerB)⊥ )∗P˜ = T |(kerB)⊥ , let
P =
[
I O
O P˜
]
in the block form, where I denotes the identity on kerB. Clearly, P is invertible and
P−1T∗P =
[
I O
O P˜−1
] [
O O
O (T |(kerB)⊥ )∗
] [
I O
O P˜
]
=
[
O O
O P˜−1(T |(kerB)⊥ )∗P˜
]
= T .
Therefore, T is similar to T∗. This completes the proof. 
Thus the invertibility is not necessary, as we have mentioned before, and the above theorem
strengthens Corollary 1 of [2].
3. Some results about hyponormal operators
The equivalent relation between “T is similar to its adjoint T∗” and “T can be decomposed as a prod-
uct of two Hermitian operators” for all normal operators T has been presented in the previous section.
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For thepresent,weshall conﬁneourattention to thecollectionofhyponormaloperators. It is a challeng-
ing questionwhether the abovementioned criterion remains valid for hyponormal operators. An oper-
ator T is hyponormal if T∗T − TT∗  0 (equivalently, if ‖T∗h‖ ‖Th‖ for all h ∈H). T is cohyponormal
if T∗ is hyponormal. An operator T is said to be seminormal if either T or T∗ is hyponormal.
In the remainder of this paper, we shall study the relations between statement 1 and statement 2 in
the case where T is a hyponormal operator. The next result shows that statement 2 with an additional
condition is a sufﬁcient condition of statement 1 for hyponormal operators.
Theorem 3.1. Let T be a hyponormal operator on a Hilbert spaceH. If T can be decomposed into AB,
where A and B are Hermitian operators and the range of B is closed, then T is similar to its adjoint T∗.
Proof. T is hyponormal implies that 0 ABBA BAAB. Let P be the orthogonal projection fromH
onto kerB, then 0 PABBAP  PBAABP. Since PBAABP = 0, PABBAP = (PAB)(PAB)∗ = 0 and hence
PAB = BAP = 0. (3.3)
Put S = B + P, then ST = BAB = T∗S by (3.3). Moreover, since B is Hermitian and ranB is closed, it is
easy to see that S is invertible by using the open mapping theorem. Therefore, T is similar to T∗. 
Consequently, if T is cohyponormal and T = AB, where A and B are self-adjoint and ranA is closed,
then T is similar to T∗.
By using Theorem 3.1 and imposing some extra conditions on a hyponormal operator T , we shall
prove that T is Hermitian. In order to do this, we need the following lemmawhichwas proven by Sheth
[3].
Lemma 3.2. Let T be a hyponormal operator on a Hilbert spaceH. If T = ST∗S−1 and 0 /∈ W(S), then T is
Hermitian.
Note that the condition “0 /∈ W(S)” is essential. For an explanation of this point see the following
example.
Example 3.3 (see [4, Example 1]). If T is the bilateral shift on the Hilbert space 2 with an orthonormal
basis {en}n∈Z. Let S be the operator on 2 deﬁned by
Sen = e−n
for all n ∈ Z. It is easy to see that S is Hermitian, unitary, 0 ∈ W(S) and S−1TS = T∗. Clearly, T is hypo-
normal but not Hermitian.
Theorem 3.4. Let T be a hyponormal operator on a Hilbert spaceH. If T = AB where A is Hermitian and
B is positive with closed range, then T is Hermitian.
Proof. According to the proof of Theorem 3.1, T = ST∗S−1 where S = B + P and P is the orthogonal
projection fromH onto kerB(In fact, S is Hermitian.). DecomposeH into the orthogonal direct sum
H = kerB ⊕ (kerB)⊥. Since B is positive with closed range, we have that for every vector h inH,
h = f + g where f ∈ kerB and g ∈ (kerB)⊥ = ranB. It follows that
〈Sh,h〉 = ‖f ‖2 + 〈Bg, g〉. (3.4)
Again, the hypotheses on B imply that there exists δ > 0 such that 〈Bg, g〉 δ‖g‖2 for all nonzero g in
ranB. Equation (3.4) implies that
〈Sh,h〉  ‖f ‖2 + δ‖g‖2
min{1, δ}
for all h ∈H. Therefore, 0 /∈ W(S) and then Lemma 3.2 ensures that T is Hermitian. 
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We can make the following immediate deduction from this theorem.
Corollary 3.5. Let T be a hyponormal operator on a Hilbert spaceH. If T = AB where A is Hermitian and
B is an orthogonal projection, then T is Hermitian.
In the preceding discussions, we have shown that statement 1 is the necessary condition of state-
ment 2 for hyponormal operators with some more additional conditions. It remains an unsettled
question whether statement 1 is the sufﬁcient condition of statement 2. Only few attempts have so
far been made at the problem about hyponormal operators similar to their adjoint operators. We still
cannot ﬁnd any example of a hyponormal, non-normal operator which is similar to its adjoint. There
are only a few special circumstances under which we can conclude that statement 2 holds. We end
this section by presenting these special cases.
According to Theorem 2 of [4] and Lemma 3.2, if a hyponormal operator T is similar to a Hermitian
operator then T is Hermitian.Moreover, if the condition “T is similar to its adjoint T∗” on a hyponormal
operator T is strengthened to “T is unitarily equivalent to T∗”, then T can be decomposed as a product
of two Hermitian operators. Indeed, according to Theorem 3 in [2], T is the the product of a symmetry
and a Hermitian operator, denoted by T = JA, where J = J∗ = J−1 is symmetry and A is a Hermitian
operator. Since T is hyponormal, ‖T∗h‖ ‖Th‖ for all h ∈H. So that
‖AJh‖ ‖JAh‖ = ‖Ah‖
for all h ∈H. On the other hand, since J is a symmetry operator, we have ‖JAh‖ = ‖JAJJh‖ = ‖AJJh‖
‖AJh‖ and hence
‖Th‖ ‖T∗h‖
for all h ∈H. Therefore, T∗ is hyponormal and hence T is normal. The discussion above together with
Theorem 2.3 implies that T can be decomposed as a product of two Hermitian operators.
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